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Thus the only operation special to the path is the calculation of the right- 
hand side of (12). 

Now y is determined as a function of \{r by the preceding graphical method. 
Accordingly within each range ( "V^ to Y q ) or portion of such range, 

\f(y)(secyjr) n ^ 1 d'f 

can be calculated by any convenient method of quadrature. Thus u (and v) 
are determined as functions of yjr, and all the elements of the path (viz., 
(x 9 y and t) are determined in terms of yfr. 
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1 f 1 " 
The function Q n (x) defined by the integral - sin (xsuKfa—nfydcj), or, 

2 P 7 ^ 2 
when n is an even integer, by - sin (x sin <h) cos n6d6 t is closely related to 

77* Jo 

1 [* 

J n (x), which was first given by Bessel under the form - cos (x sin $—n$) dfa 

7T J o 

The 12 function, although of less importance in its application than the 

J function, occurs in a number of problems in mathematical physics, more 

especially those relating to the interference and diffraction of light. 

2 C n l 2 
The function O (x) = - sin {x sin <£) defy was employed by Lord 

Eayleigh* in the problem of the reaction of the air on a vibrating circular 
plate, and by H. Struvef in the theory of diffraction in telescopes. H. F. 
WeberJ applied the function Q,±(x) and, in addition, found a number of 
interesting properties of X2 v (x), including the recurrence formula and the 
development in series of ascending and descending powers of the argument. 

* Lord Eayleigh, * Theory of Sound,' vol. 2, p. 164, equation (5). 

t H. Struve, "Beitrag zur Theorie der Diffraction an Fernrohren," ' Annalen der 
Physik und Chemie,' vol. 17, p. 1013. 

J H. F. Weber, "Die wahre Theorie der FresneFschen Interferenz-Erscheinungeu," 
* Vierteljahrsschrift der Naturforschenden Gesellschaft in Zurich/ vol. 24, p. 48. 
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1 f 71- 
Lommel* proved that the integral - sin(z/<£— #sin<£)d^> is represented 

7T j o 

by the following series when v is an even number, 2n, 

2 2 

&2n (#) = — - So, 2n (#) Or [S , 2n (#) + Y 2 „ (#)], 

7T 7T 



where 






(1 S - V 8 ) (l 2 ~V 2 )(d 2 -V 2 ) (12_J,2)(32_ V 2)(52_ JJ 2) 

s „(,) = L(i^ + (i^^)-..., 






and Y 2w (#) is the Bessel function of the second kind according to Lommel's 
definition. A similar formula gives the value of the function when v is odd. 
Functions of higher order occur in the problem of electric waves on a 
thin anchor ring. If a is the radius of the circular axis of the ring, e the 
radius of the circular section, m any integer and II = e ia P e l!pt /p, Lord 
Eayleighf found that approximately 

t7r (a 2 a. 2 cos <j> — m 2 ) cos m<f> dcj> 
vV+^sm 2 ^) 

C" (e 2i « s ™^~ 1) (a 2 * 2 cos (f>~m 2 ) cos madefy 
Jo 2^ sin |0 ~ 

The second integral determines the imaginary part of (& 2 a 2 --m 2 )L, where 

L = log — ', and it has been shownj that this can be expressed in terms of 

Bessel functions of nearly equal order and argument, viz. 

— q— {Jam-i(2m)— J 3w+1 (2m)} or im?ir . — . Ja»(«), (2) 

and x = 2m. 

On the other hand, the real part of (& 2 a 2 — m 2 ) L is made up of contribu- 
tions from both integrals. The second integral takes the form 

^2 r7r/2 giz sin i£ 1 

_- dy]r : — - — {cos(2m + 2)^r — 2cos2m^-hcos(2m — 2)^r}, (3) 

where x 2 = 4a 2 cc 2 = 4m 2 nearly. To evaluate this, Lord Eayleigh introduces 

the integral 

2 M 2 

d^ cos 2m ^ . e ix sin * = J 2m (#) + £K 2m (x). (4) 

7Tjo t 

* Lommel, "Zur Theorie der Bessel'schen Functionen," 'Math. Ann.,' vol. 16, p. 188. 
t Lord Rayleigh, "Electrical Vibrations : on a Thin Anchor Ring," 'Roy. Soc. Proc.,' 
vol. 87, p. 194. 
{ Loc. cit., p. 196. 



A Function to Electric Waves on Thin Anchor Ring. 309 

The K function is no other than the A function, but the term — 1 in the 
numerator e ixsin ^— 1 in (3), although not affecting the imaginary part 
involving the J functions, reduces the result for the real part to 

mV -f — . a 2m (^)-~(-l)™-~ — — \. 

\dx W V } 7r(2m-l)(2m + l)J 

But the contribution to the real part of (a 2 a 2 —m 2 ) L from the first integral is 

( _ 1\ro ^HL == f _ 1 ^raV $_ ^/^ 

v ; '(2m-l)(2m + l) V } * dx T(m+ f)r(-m + f) 

and ( — l) m — — ^- ~- is the first term of flam (a?). 

1 (m + f)l (-— m + f) 

Consequently, equation (21) in Lord Eayleigh's paper takes the simple 

form 

(a 2 a 2 —??2, 2 )L =s m 2 w{{J 2 m (x) + Q>2m'(®)} and # = 2m, (5) 

= -x- v- [ J 2»-i (2m)— J 2m+ i (2m)] + [fi2m-i (2m)— 2m +i (2m)] }, 

(6) 

d 
since* flam-i(^)— flam+i(^) = 2 . — . O am (x). (7) 

Hence 



a = _ j l + — 
a L 4L 



1 + jj & [J2«-i (2m)— J 2m+1 (2m)] + [fl 2m _ 1 (2m)-fl 2m+1 (2m)]} 

( 8 ) 
and the equivalent wave lengths \ m are given by 

Xm = ^{ X ~ J^^-iC^-^+iC^)]"}- ( 9 ) 

Where w is small, H 2ro -i(2m) and fl 2m +i(2m) are readily obtained from 
the series in ascending powers of m, 



fl 2m+1 (^) = (_i)«+i*2 W ,^-^i^Z?yL 



= o r(s+m+f)r(s-m+iy 

or, in terms of the Bessel functions^ J 2s (x), 



(10) 



2 



J oO) , /^ , Q /r J*0») 



fl*. + i(*)=-- ;f^ + (4m + 2) 2 - u » W 

7rL2m + l v % = i (2m 4- 1) 2 — 4s 2 



(11) 



The asymptotic expansion given by Lommel and WeberJ cannot be usefully 
employed where the order and argument are large. Expressions giving 
the values of fl w (n), fl»-i(w), etc., can be derived from a result due to 
Sonine and Schlafli. 

* Nielsen, * Cylinderf unktionen,' p. 49. 
t Nielsen, ' Cylinderfunktionen,' p. 67. 
X Log. cit., p. 48. 
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Sonine's result is* 



•77 r*oo 



Y n (x) = sin (x sin 4>—n<f>) d$— e - xsinhe [e n9 + ( — l) n . 6~ M0 ] d0, 

the function Y w (a?) being the same as Hankel's and equal to — 2Gr w (x). 
Schlafli found thatf 

Y n (#) — (log 2 — 7) J n (x) = I sin (as sin </> — ?i$) <#<£ 



*QO 



Here Y n (x)— (log 2— 7) J w (#) is equal to — Gr w (a?). 

Expressed in the form 

1 r 00 
fl n (sc) = Y n (x) + - e~ xsinhd (e< l9 + cos mr . e~ n9 )d0, (12) 







the Neumann function Y w (a?) is equal to — 2/tt . Gr w (a?). Very complete TablesJ 
of Gr n (ri) and G n -i (w) with other related functions have been computed for a 
large number of values of n. The integral in (12) can be evaluated by the 
" Saddle Point " method of contour integration^ or by the less elaborate 
method given below. Taking the case where the order and argument are 
equal aad n is an even integer, 

2 If 00 

a n {n) = G» (n) + - e~ n sinh e (e ne + e~ ne ) d0. (13) 



7T 7T 



In the integral — 

7T 







e -n (sinh o~o) $0^ change the variable by substituting t for 



sinh — 0; then if X is written for (6£) 1/3 , 

X = 4- 7777 + 



60 8400 
Eeversing this series, 

60 1400 25200 

and ^ = ( 1 "| 8+ ls-» + ---)* L 

/6\ 1/3 r x _ _ r(») 

Writing a for ( — ) and applying e nt t p l dt = — ^- to each of the 

* Sonine, " Fonctions Cylindriques," ' Math. Ann.,' vol. 3, p. 27. 

+ Schlafli, " BessePschen Functionen," * Math. Ann.,' vol. 3, p. 143. 

I ' Keport of the Mathematical Tables Committee of the British Association,' 1916, 
pp. 92-96. 

§ Debye, ' Math. Ann.,' vol. 67, pp. 535-558 ; Brillouin, i Annales de l'Ecoie Normale,' 
vol. 33, pp. 17-69. 
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terms in the integrand, we find 

1 Too 

ttJo 



"• l ^> 20 + 420 Mx) 8100 U;+ -'-. 



37T 



(14) 



If 00 

In the integral — e -n(&mhe+$) ^ on substituting £ for sinh + 9, reversing 

77* JO 

the series and proceeding as before, we get 



1 



'CO 

g-?i (sinh 0+0} C IQ _. 



X , £i 







7T L(2w) 2 (2w) 3 (2^) 



(15) 



It has been shown* that 



G B (») = i^*.ra)+^r(|) 



a 1 



420 



8100 



i ( 3 j 



Therefore 



3tt 7T L(2^) 2(2%) 3 



(2w) 



,5 



3tt 



10449 



.5 (2?i) 134750 (2^) ; 



\ i • » • 



1 



3 



a 



•ra)-^-+^r(f) 



56 ' 



r(i)+ 



15973a 9 
9702000 



^w I * w 5 420 w 8100 

For O n _i(?i) ? the integrals in (10) are 

i r ® 

g-% (sinh 0+0) ^9 ^Q 



(16) 



If 00 1 

^ (smh 0-0) e ~9 # ^and- 

7T 



7T 











The factor ±<? is expanded in a series of ascending powers of X, e.g. in the 



9X 2 X 3 X 4 
first integral 6 _e = 1— X + : ^— — •—+- 



9X 5 
20 10 ' 280 "2800 



+ ... and we obtain the 



result 



»-H ) n\ ) 6?r ^ ^^jo 1 ^ 1050^113400 W 



947 



74844000 



a 10 

r(x)+ 



4a 



12 



15875 



or i i i 

' G- w -i(w)— G„(w) + : 



209 



3tt 



350^ 2 2560?i 4 






(17) 



* Debye, ' Math. Ann.,' vol. 67, p. 557 : 



G n (») = - f Y»(w) = - ^ { H»( ) (*) - HJD («) } . 



Phil. Mag., 5 vol 31, p. 526 (June, 1916). 
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the last . term in each expansion being given approximately. When x is 
equal to n and n is an even number, the recurrence formula 



n / \ , o / \ 2?i nMl 4sin 2 ft7r/2 



reduces to 



&n-x (n)—Q n+1 (n) =. 2 {X2„_i {n)—£l n (n)}. 



(18) 



r 



00 



Schlaflfs polynomials S„(a?) = I e-* 8 * 1111 '^— ( — l) n 0- w «)d0' may be 

Jo 

employed to simplify the calculation, since the integral in (13) is equal to 

fco 
e -n(dnh0+*) d ff % 


Then 



n n (n) = — - J Q-»(w)— iS„(^) — (- 

it l_ \^^ 

Q»_i (») = -- -TG»-i(»)-iS ) ,_ 1 (»)+(^- + 



1 , 2 



2 (2?o 3 oy 



1,1 



(2ft) 2 2 (2ft) 5 



(19) 



(20) 



and 



n»- 1 (»)-0 )| -(»)= -- «{ [G»-i(»)-G,(»)]-i[S 1 ,_ 1 (»)-S,(n)] 

7T 



+ (-4 * 



1 , 11 



,ft ' (2ft) 2 (2ft) 4 ' 2 (2ft) 6 - '7J ' ^ 

If ft is not very large, the functions S n -i(ft) and S n (n) can be found 
without difficulty from 

S»(a:)= 2 (W S , 1)! - . <22) 



Table of 2m -i(2m) — Xl 2w +i(2m) = A. 





-061822 
-058277 
'055198 
-052493 
-050095 



The corresponding values of R for m = 1 

m. B. 

1 0-4846 

2 1-2336 

O Zi 1.1. o\) 

Thus as the value of m increases, i.e. for the higher modes of free vibration, 
\ m , the equivalent wave-length, approaches the value 27ra/m. 



m : 


= 6 are 


m. 


JK. 


4 


3*0907 


5 


4-1495 


6 


5-2784 
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In the general case, where the order and argument are nearly equal, when 
x = n+./e, k being a small number, the integral 



(00 
g— zsii 



f 



CO 



sinhO+nO gQ _ I g-a: (sinh 0-0) e ~*0 fiQ^ 
„'0 JO 

X 3 X 5 
If sinh — = t and X is written for (6£) 1/3 > then = ^~^ + tta7j 



and d0 



i-¥+ x4 



dX. 



20 280 
Expressing e~ K9 in terms of X we get, after a little reduction, 



oo 



Q— xsmhO+nO ^Q 







1 



3 



o 



e -xt 6 l/3 r 2/3 { ^ _ ^ (6QV3 + ^ (6^)2/3 

- o- 3 (60 + 0-4 (60 4/3 ' 



• . . rwl/ 



JK)'Mi)-(r r (I)H° 



of /6 Y' 3 r / 1\ , 2o^ /6W 3 „ /2 • 
3W W 3 V» 



nih^-}- 



The first seven values of a n are as follows, 

(Jq = 1. 



O"! 



0*2 



a: 2 



20 



<73 = -T 



6 15 



0-4 



/c /£ 



2 






1 



24 24 280 



0-5 = 



cr 6 = 



/e l 



ic 



+ 77 



43 /c 



120 60 8400 



K 



6 



7/e 4 



+ 



KT 



720 1440 288 3600 



For the integral 
and X = t/2. 
Then 



■oo 



*oo 







e -xslnhO-nO £0 — e -3(sinh0+0) 6 »0 ^0, put £ = sinh 0+0 



12 60 



/ X 2 X 4 \ 
d!0 = 1 1 r +— — ... U?X. 

\ 4 15 / 
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Since 



" 2 l K Z K \. o . //C 4 tf 2 



-i+*a,, 2 a,+^ 6 12 )*>+[ 24c 12 ; A+ --- ? 

foo iroo r f i 2 f 3 1 



2 ' "4 ' °8 



go , fr , 2g 2 , 6&3 , 24s 4 , 
2a? (2a?) 2 (2^) 3 (2a;) 4 (2x) 5 



where % = 1. 

oj — ft. 



K 2 1 



«2 




2~ 


4" 




S3 


— • 


6~ 


fC 

"3* 




5 4 


= = 


k 4 

24" 


5« 2 . 

■■» "*'!«■■ 


i 

12" 



^ 5 * 3 J. ^* 

6 ' 5 ~ 120~l2 240' 

_k^ 7* 4 . H9« a _ 43 

Se ~ 720 288 1440 1440' 

2 
Finally, knowing the development of Y„(x) or G-»(a?) in series of 

7T 

descending powers of x, we obtain the result 

+ ~ {aoccT (^)-<xi* s r (1) + <r 2 a s -<7 3 «*r (4) + ^T ($)_2<r 6 ««- . . . } 

+ 52^31 {so/3 + S!^ 2 + 2s 2/ S 3 + 6s 3 /3 4 + 24s 4 /3 5 + 1 20s 5y 8 6 + ...}, 

7T 
/g\l/3 I 

where a = (-) and ft = — . 

The coefficients <r n are the same as those occurring in the asymptotic 
expansion of J n (x), hut o- 2 , <r 5 > etc., disappear in the final expression owing to 

the zero factor sin (^+1)^ The arguments of the T functions associated with 



o 
O 



these coefficients are integers. 



